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STATICS OP CIRCULAR-RING- STIFFENERS: FOR ; 
■ M.QMOCOQ.UE- FUSELAGES*- 
By 1v\ Stic da 



For circular-ring .stiffeners in monocoque fuselages 
the "bending moments, axial forces, and shear forces under 
the action of applied external forces or. a moment are ac- 
curately computed by known methods. Circular-ring stiffen- 
ers with variable moments of inertia arc likewise consid- 
ered. In comparison with the st op-Toy- st ep and partially 
graphical procedure, the one here described is a more ac- 
curate and at the same time a simpler method. 



I . GENERAL 



For airplane pressure cabins, a circular-shaped fuse- 
lage cross section is generally chosen as most economical 
in weight. As will be shown in what follows, the internal 
pressure - which is the important factor in the design of 
stiffeners - gives rise, in the case of the circular cross 
section, to axial stresses only, which are taken up mainly 
by the adjacent skin. For a noncircular cross section, on 
the contrary, the stiffeners under internal pressure must 
also be designed for bending moments which lead to consid- 
erably increased weight. 

In the present report, circular-ring stiffeners with 
constant and variable moments of inertia under the appli- 
cation of external forces are computed, the support given 
by the adjacent cylindrical fuselage skin being taken into 
account. For various cases of loading, the bending mo- 
ments, axial forces, and shear forces for the ring are de- 
termined. The methods of Pohl and ¥ise (references 1 . and 
2) are used as basis for the computation. Both papers 
consider only circular rings with constant moments of in- 
ertia. 



"Zur Statik von Er ei sr ingspant en in Flugzeugdruckkabinen . " 
Luf tfahrtf or schung, vol. 18, no. 6, Juno 30, 1941, 
pp. 214-2.32. 
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Pohl employs the elastic center, according to the 
nethod of Muller-Breslau for the determination of the 
static redundant s, so that his procedure for variable no- 
nent of inertia is not directly applicable due to the di s~ 
placement of the elastic center from, the ring center. 
Wise dispenses with the simplified' determination of the 
two or three static redundants by means of the elastic 
center but determines instead all nine or five displace- 
ment values S ik , respectively, according to Muller- 
Breslau. Since this method is laborious, he does not pre- 
sent the entire computational procedure. He also deter- 
mines the axial and shear stresses for the three load 
cases: radial force, tangential force, and moment, for 
which Pohl determined only the bending moments. Wise, sim- 
ilarly, does not consider the case of variable moment of 
inertia in the ring stiffoner. 

In the present report, the two or three static re- 
dundants are determined from Cast igliano 1 s law of minimum 
work of deformation. Cases of arbitrarily variable noment 
of inertia can be treated without too much computation on 
the basis of the obtained derivative of the work with re- 
spect to the static redundants. A few examples are com- 
puted. 

The equations for bending moment, axial and shear 
forces for constant moment of inertia, and for several 
cases of variable moments of inertia are computed for- q?~15 
30°, 45°, etc. , and graphically represented, the method 
of representation of Pohl being used. In addition to the 
three principal load cases given by Pohl and Wise, namely, 
radial force, tangential force, and moment applied to the 
circular ring with tangential support, there is also con- 
sidered the case of sine-shaped load distribution which is 
required for taking into account the air wake forces on 
the fuselage. 

As in the papers of Pohl and Wise, the eccentricity 
between the supporting cylinder skin and center of gravity 
of the ring section is neglected since, with the usual con- 
struction of the fuselage stiffoner, only a small error is 
involved. 
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II 4 INTERNAL PMSSTJMS FOR 
CIRCULAR CROSS SECTION 

Consider a cylindrical fuse- 
lage under internal pressure. 
To determine the forces and mo- 
ments, we make a cut along the 
top of the ring and introduoe 
the three static redundants X a , 



X^, and X e , 
force X-i 



of which the shear 
"becomes zero on ac- 
count of symmetry (figs. 1 and 
2). The internal pressure p 
then produces at the statically 
determinate principal system, 
the following bending moments, 
up "bending moments always "being 
considered positive: 

dP o p dsj ds = r da 

dM 0 st r sin (<p-a) p r da 
cp 

M » + / r sin (cp-a) p r da 
o 

= + p r 3 - p r 8 cos cp (1) 



Further, we have for 
(fig. 2): 



-1 



and for 



M a = + (r-r cos cp) 
X c » -Is 



M e = + 1 



(2) 



(3) 



We now determine, as in all the 
other load cases, the static 
redundants, according to the 
Castigl'iano principle of minimum 
work of deformation. 

M = M 0 — x a ■ M a — X c -M e 

— pr 2 — p r 2 cos rp — X a • [r — r cos rp) — X c \ 

it M . bM 

. jjI - = _[ f -rcos ? ),. 52 - = -l, 



bX a 



(' M DM , 



4^-=0 = - C [p f~ ' ' p J* 2 COS rp 



= — Zr 2 p.-j-ZrX a + 2X e ; (5) 

o A _ _ r> M bM 
TX~ c -"~d EJ' bX c ' dS 

2-t 

= — J(pr' — pr 2 cos q> — X a • r+ X a -r cos <p — X e )rd<p 
d 

= [p r 2 -<p — pr 2 sin(p — X a -r-rp-\- X a -rsmcp — JVp]*'"' 

.... (6) 

= + 2r 2 p — 2rX a — 2 X c (7) 

From equations (5) and (7), we 
obtain: 

X n — p-r; X c = 0; 

M — pr 2 — pr 2 COS rp — p r (r — r cos rp) = 0 ! 

For uniform internal loading, 
therefore, of a cross section, no 
tending moments occur in the ring 
stiffener - only axial forces 
N a p r = const, which remain 
essentially in the cylinder skin. 
The initial assumption that the 
internal pressure is transmitted 
from the cylinder skin to the 
ring stiffener thus holds only to 
a small extent. 

We next consider the case that 
the ring stiffener has variable 
moment of inertia, the ring as 
previously being loaded by in- 
ternal pressure (fig. 3). 



n J. 



J, J 



Integrating equations (4) and (6) 
between the limits P to n and 
n times the interval from n to 
2tt: 



bA 

bX a 



- = 0= [— -|p r 2 x + -| X a rn + X e ■ «] 



bA 
>> x„ 



p T' 71 • 

+n[-f p' 2 «+-; 

= 0 = [p r 2 7t — X tt ■ r ■ tc — X c • n] 



.X a -m + Xc- 



4 



+ n[pr 2 * — X a -m — X c -ji\. 



X a [r — r cos rp) — X c ) ■ [r — r cos rp) rdrp 



= \ 2 p r 2 sin <p — ^£-sin 2 cp — -|- p r 2 rp 



-2X a - rsiurjr+^Xa-r-rp + Xa- £ ; sin 2 rp 
-X c -sixirp + X c -cp^* (4) 0^j~-~ — ~^(p-r — X a ); X a = p-r, 



Adding the equations: 

0 = -|-p*r 2 ( n + l) + -|.X a -r*(n+l) 

+ X c -7i{n+l)+pr>7i{n+l) 
— X a ■ r 7i ( n + 1 ) — X c ■ n {n + 1) ; 
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for the case also of variable me- -z u .,.L 9 +x a .rlt*n 9 -- \-*i&z v \ 

meat of inertia of the circular 2 * i 2 * 

ring, no "bending moments arise - -\-Xi,-rlcos<p +-i-sin2pl— x c (<p+sin<p) * 

only axial forces. This proof, x ' 

can readily he extended to any + K 2 7f ( sm «' l "' 

dis continuously Tariahle moment ha „ „„ 0Y . fl2 t 

of inertia. oX„ 



III. MOMBITT ON A TAHftBUT I ALLY ^- = o = -^tr°<p-tr* s in<p-X a -r 



2-T 



SUPPORTED CIKCULAH EIH0 



+ X u ■ r cos f — Xt r sin q> — X c ) r sin <p r d tp 



•2* 



The shear flow in the skin for — f(— t r 2 2 :*) r sin ? /• d ?> 
an applied moment is (fig. 4)$ 

j» = |"t r 2 (sin tp — <p cos <p + -i- sin 2 <p — J J 

t » — i-_ » const (8) 1 , i \ /i «>\ 

2TT r +^ a -r|cGS ? >+ 2-sin 2 (P J+A' 6 T| T sin2 ? > |-j 

To determine the three static re- +*« • cos p]^ + [ tri 2 * cos < 13 > 

dundants, we again make a top cut = + tnr 2 — x s jtr (14) 

on the ring. The moment M 0 due v . ,Md. 

to H d and the shear flow t* inT 

corresponding to figure 4, are de- ox f r2si x 

termined as follows: A load el- i>x 0 J' 

ement t r da produces at the -\-x a -rcos<p — x i -rs\nq>—x c )rd<p 

point defined hy the angle qp a 

moment; — j ( — tr*2n)rd<p 

dMo v = t(r — rcos(v> — ot))rd« (positive) " T , 

„■ = ir 2 y + «/- 2 cOsy — X a -rp 

M 0 „ = er 2 C(l — cos(9> — *))<*« ■ 14-T 

= «r ! (?> — sin y) in the 1st and Znd quadrants (9) _j_ r t#J 2ji js* ( 15 j 

In the third and fourth quadrants, __ 2 jr 0 . r — 2^ c (16) 

we suhstitute in plaoe of q> the 

value (2tt - op) and therefore ob-|. rem equatlons ( 12 ) and ( l6 ) 

tain a down-bending - henc* nega- therQ follows X„ = 0, X a - 0 

tire moment i _ , , . . 

M 0v = - £ r 2 <2*-y-sin(2*-9>)) J n the first and second quadrants 

° v = , 7 .( f _ 1 hi r _i , Jl ) (io) there is obtained: 

The moments of the three static v ^± ( . v , x 

unknowns are (fig. 5); M " 2it t<P " 2 8in (17) 

H a s» + (r-r cos q>)| and in the third and fourth quad- 

Mfc = + r sin q>; M c ■ + 1 rants: 

^d 

We thus obtain: M = ^ (cp -2 sincp - 2tt) (18) 

^Y~ = — < r— rcosy); |^ =— rsiny; |^ = — i; i ae obtained momentum eurre is at 

M ° „ M dM the same time the line of influ- 

Tx a ==0= jWT'Tx^' rdv enee for the bending moment due 



to a displaced load moment. 

= — [ (tr 2 <sp — t rvsiny — r + X a - r cos ip 

5 We shall also determine the ax-! 

-X,rsln,-Z,)(r-r C 08 V )rd V ltfl &nd eheap fopee8 ln the ely _ 

cular ring stiff ener due to the 
moment M4 (fig. 6). 



— J( — tr»2w) (r — r cosy) rdrp 
= ((P 2 — <P sin p + y sin 2 



If a H 0 - K u X 
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d H 0 =t r cos (cp-a) da (oompres- we have 

si ° n) , v . t « , p / 8 p co* a r da 

H 0 = - / t r cos (cp-a) da * nP »5 

» - t r sin cp (19) m P_ gina (24) 

TTP 

With N-j, * + 1 sin cp, the total 

axial force "becomes We again consider a cut made on 

the ring above. A load element 
Hs.tr sin cp - t r sin cp t r da produces at the position 

defined by the angle 4 <P a mo- 
ss - 2t r sin cp ment : 

' B _ «4 ( S in cp) (20) 
2tt 

The force is thus compressive in dM 0ll = — trdx(r — rcos(?> — «)) 
quadrants I and II and tensile in = _ p . &ina .,.^ } ^ cosiip — a )) ds . 

quadrants III and IT. nr 

Similarly we determine the shear A/ u , =—— J (sin « — sin « cos {?>—«))<«« 
forest 0 

Q - <3, 0 ~ X b H b =_-J_|i_ C osy — -|-.sin?.) 

d fto = * r s * n ( < P~ a ) valid inrange 0 to n (25) 

<P„ = ^ * r sin (y — »)ift = (f — ( f cos <p . . (21) 

o On account of symmetry X^ = 0, 

With Qf, *= 1 cos cp, we thus have: so that we determine X a and X 0 

Q = tr — (rcosy — (rcosy = (r(l — 2 cos if) 

.(1-2 cosy) (22) * = - J (\-<*»9-l**9)-X*-'Q-*»*)-X»\ 

Substituting various values of cp yy- — — (r — rrosy); -j,^- — — 
in equations (1?), (18), (20), 

and (22), the distribution of M, 9A =0 = _ 2 (•/_ J» ■ rL _ ros<p _?_ sin<p \ 

H , and Q over the circular ring J \ « \ 2 / 

is obtained. (See graph 1.) _ V; . ( ,_ riW|>) _ x \ [r _ rMSV>) rdtp 

IT. RADIAL FORCE OH TAH&BH- = [ - ?- r - L— sin -p + f- cos ?> — \ sin ?> 

TIALLT SUPPORTED CIRCULAR i 

RING — sin 9 > + - i -sin2?> + 4- • sin 1 p 

When a cylindrical tube is -£ + £iln«,)-T..r(.-srin,+|.tal,,+i) 

loaded by a force acting along _ Arc(?) _ sin?)) V' (2 e) 

the axis of symmetry, the shear J° 

flow, as is known, is not con- = __lp. r _x,,.|-.jir— x 0 -n; (27) 

stant but varies with the static 

moment (fig. 7) da . „ p/ PrL <p . \ 

t = P 1; a , y B P; 8 y4 , (23) » 

2 J J — X„- (r — rcos?>) — X c \rd<p 

In polar coordinates with the = L_ sinv+ ± cos<p _ * sin J 

polar moment of inertia L » \ u 

— A'„ t(9>— sin?)) — JTc-J" (28) 

= -^-JC«-»T-X,-a (29). 



6 
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Prom equations (27) and (29), 
there Is obtained: 

_ 3P _ Pr 

X a = » __ • X c = + — 

4n 4tt 
and therefore* 

Az = —II — cosy — ~ sin f\~\~~^\ r — rcos <P) — -4 



Pr 



Pr 

4 71 



(2 — cos y — 2 y sin y) 



(30) 



The obtained moment curve is 
simultaneously the line of in- 
fluence for the bending moment 
due to a displaced radial, con- 
centrated force P ■ 1. 

There will now be determined 
the axial and shear forces in 
the circular ring for this case: 

dN Qtl = £reos(y — tx)da 
p 

= + — • sin a cos (y — «)da (tension/ 
</ 

f P 

Nx) r/ = I -f- (sin a- cos (y — a)) da 



1 P <P ■ 
-+ 2 1 sin ? 



(31) 



With N a 
we have : 



- 1 cos cp; H ( 



0, 



P-y 
2n 



3P 
4 71 



= + ^( ? " Sin9 ' - l C0S? ') 



(32) 



The shear xoree is similarly de- 
termined; 



Qo, r — r~ sin a sin (y — a.) da. 

' *J 71 



= — — (sin y — y cos y) 

Q n = l- sin y; Q c = 0 ; 

p 3 
Q =— — (sin y — y cos y) — - — sin y 

Z 71 4 7E 

= - 2 'ir(T sin,) ' + ?;cos '') ■ • • 



(33) 



(34) 



7. TANGENTIAL FORCE P OK A 
TANGENT I ALLY SUPPORTED 
CIRCULAR RING 

On applying a tangential ferce 
on the tangent ially supported 
circular ring, the supperting 
skin forces may be determined by 
adding two radial oppositely di- 
rected forces. Two shear flows 
(fig. 8) are obtained (see sec- 
tions III and IT)t 



and 



P r 
P 



P 

2rrr 



irr 



sin cp 



In quadrants I and II these shear 
flows add up, while In quadrants 
III and IT they subtract. Again 
a cut is made on the top of the 
ring and the three static redun- 
dant 8 are determined. The ac- 
tion of P extends only to 
quadrant II. 

The moment due to t x in quad- 
rants I and II is 

M 0(? = - V s t x (cp - sin cp) 



» fJL (cp - sin cp) 
2tt 



(35) 



In quadrants III and IV, by sub- 
stituting (2tt - cp) for cp 1 

Pr 

M «cp = + 2^ (2tt - cp + sin cp) (36) 

The moment due to t a in quad- 
rants I and II i 8 



M, 



*cp 



Pr n 
- — - coscp-— sin cp) (37) 



By substituting various values of 
Cp in equations (30) , (32) , and 
(34), there are obtained the bend- 
ing moments, axial forces, and 
shear forces. The curves for H 
and Q also represent the in- 
fluence lines due to a displaced 
radial force P (graph 2). 



In quadrants III and IV by sub- 
stituting (2iT-cp) for cp: 



Pr / 

— [1 - cos cp 
SIL^JP sin cp) 



(38) 
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In quadrant XI we hare, in ad- 
dition, a moment due to P: 



M, 



+ P r (1 - »in qp) 



From the total moment we again 
obtain 3M/aX a , dM/aX-fa, and 
3M/dX c , and through integration: 

+ [ P n (T ^ _ I Si " * + 1 009 ^ + B Si " 2 V + 4 Si " 2 9 ] 0 

IPr / <P* 1 l 2jr 

^psf — 2 n sin <jo + <p sin 95 — y sin 2 y I 

+ [iT (t" * ~ T s,n 9 + 2 cos » + 16 sm 2< 



y sin* 9) + ^-sin 2 v> — n ■ cosy 



]2ir 
- 



— |p r ^ + cos <p — sin 9; + y sin 2 j>J|™ 

+ |a a • r (y ?> — 2 sin y + ~ sin 2 9>j 

+ xt • r ^— cos <p — * sin 8 ¥>j + Z c -i?! — siny>) j 



Prn + ^r o -3nr + Ar 0 '2» 



(40) 
(41) 



|^ = 0 =[lF(-^ os '' + sin ' , + i sin2 ''-T)lo 
+ ^— cos <p — y sin 1 9? — ^- sin 2 q> 

— ? cos2 9 > + |-sin2 9 > + -i-cos2 ¥ .j^ 

— [ 2 n ( — 2;tcos P + P cos V — sm V — ^ sirl 2 9? "I" |)j 
+ I — I— cos <p— 2 .sin 2 <p + g y — - sm 2 ^ — T- sin 2 93 



— y-cos2?> + -|-sin2<p + cos 2 



— [ P r (— cos 9P + — sin 2 v> — |- ) J * 
+ [ X a r (— cos <p—\ sin 2 «») 



Prom equations (41) and (45), 
we obtain: 



(39) 



X a - - i¥5 X 



- (3 - rt) 



The final moments in quadrants I 
to IT, therefore, are: 

Mi = — ^(y — siny) — ^ jl — cosy — -|- sinipj 

P P Pc 

+ (/ "~ rc0S <P) + tz fa — 2) rain <p+ -r— (3 — jtj 



Mmi 



4 ji 
Pr , 



[(2 <p-\-n) (1 — sin q>) — 3 cos q>] 



(46) 



■■ + -— [(3n- 2?>) (1 — sin p) + 3 cos ?>] . . . (47) 

4 71 



Pr 

4 5T 



[(3 it — 2q») (1 — sin 93) — 3 cosy] . . . (48) 



As in the previous eases, we 
also determine the axial and tho 
shear forces: 



■+£[(»-§*) ■^-i 008 ''] 

#ui<iv = + [(p — I ») sin ?> — \ cos y] 
, ^- [l +* sin y-jy + y) cosy] 
: ! sin ,,_(,, _?^) cos 9,] 

Qm/iv = 2^ f 1 + \ sin y + (y — 9>) cos p J 



Qi 
Qn 



(49) 
(50) 
(51) 
(52) 
(53) 
(54) 



0-= — 



Pr 



4 



P 



(42) 
(43) 



- = 0 = [g(? + c r )];;4[|( V - 2 s i n,-,-^cos,)l;; 
+ f ^ — T sin 9 ~ * cos ^ + "2 cos 9 )]~* 



By substituting values of cp in 
the equations, we ohtain the 
curves for the bending moments, 
axial and shear forces plotted in 
graph 3. Again these are the in- 
fluence lines due to a displaced 
tangential force P. 

71. SINE-SHAPED LOAD DISTRIBUTION 

In order to take into account 
air forces on the fuselage, there 
will also he considered the sine- 
shaped load distribution (fig. 9). 



Let the loading he: 



/? = — p„ 



bis 



3jt 



(55) 



Pv = Pmzx • cos a • cos (ji — a);Vertica) Compon«nt 



0=2Pr— * Pr3i + X a -2ar + X c -2n 



(44) 
(45) 



P„ = 2 J p lnai • cos a • cos (jt — <x)rdat = rp n 



(56) 
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The shear flow corresponding to /» , 

equation (34)' is then: -J [X..r(i-o«*.) + xjri„ 

^ _ PmaX B i n a (57) = — fV™. [-j- cosy — | cosy + sin fcJ+Gl. (28) (62) 



On making a cut on top of the 

ring, there follows from t: ( substituting for P in equation 

M . r» p max (28) r 

M o = S 2 



(l - cos ep - ^ sin cp) (58) 



— — I* Pmax • ~2 + '■* Pmax — -^o " 31 r — -Xc Jt 



Prom p = p ma3C cos a, there is From equations (61) and (63) there 
obtained in quadrants II and III: is obtained: 

d P = p • r doc; 
dM 0rr . = p ■ rdtx- sin (?> — «)■ r 

= — p n ,ai • r 2 cos a sin (a> — a) da; 
'/ 



-^a — Pmax * ^ \ X c — -f- r 2 /> ma x |~ 

There is thus obtained for quad- 

M 0 , r = — J r 2 p m ax cos « sin (?> — «)d« rants I to IT: 

' ff 11 ^ t =-^2Si(l-cos?>— |sin?») 

= -r 2 p„„x f-sin f >--"-sinp+2C0s» ! (59) ' 

12 4 2 ' + COS ,>)-r 2 pmax - ±) 

Again on account of symmetry, /i i <p \ 

Xj, =0; hence =-r 2 p ma x j cosy—sin?] (64) 

i)A "(* r 2 p m .v / ip . \„ . , , Mn = — r 2 p ma x|— + ^ C0S9) + -y-sin?> — x sin '') < 65 ) 

— 0 = — j— - P 2 — cosp— |sinj>J(l — c.os<p) r* d<p 11 rma Mjt 4 r 4 4 / 

0 We determine also the axial and 

-J--^P,, 1 a S gsin,-;Mn,-|-^o.s,)(.-co.s y ), 2 ^ *he forces (fig. 10) 



— f(*« (I — cos ?) + (I — cos <p) r* d>p 
u 

— — '^Pmax [+ -j- cos ?> — -|- cos y + ^ sin y 



due to t : 

]\r i r Pmax 

JVo, 1 - tp sin <p; 

due to p : 



i dP = p ■ ds = p max ■ cos«- rda 

+ i sin P + sin2 T 7 t~ sin 2 ?> + -f- — -^r sin 2 y diV 0i;! = Pmax • cos a • r da sin (<p — a) 

2 8 4 o in 



1 a,T JV 0r = Pmax-'- ("cos a sin (y — a) <ia 

_| sin2 y_-| +GI.(26) (60) r ^ 

<> 

¥ r «> . n . , 1 1 

= Pmax • r y sin <p — sin ?> +g cos ip (66) 

and replacing P in equation (26) There is thus obtained: 
by £ — Pmax * 

N I =+Pmax • j(o>sinp — COS?>) (07) 

= — -^rar 2 1 p mai + r ! p mai — ^X a -nr — X c -n (61) -^n = + Pmax • j (— <p sin <p + n sin p — 3 cos <p) (68) 

94 % r 2 p m .i/ a? . \ _ Similarly, there are obtained the 

oX 0 = ° = -J 2=S 1 -cos*- f«n shear forces , 

o 

J. /m ji . , 1 \ , <?o r (s) = Pmax-'' COS 2 <p sin (p + -| COS p — cos <p 

— ' 2 Pmax ly sin p — — sm<p+ ^cospj rdip M ^4 

* + |-sin» T — |siny>j (69) 



HA.CA Technical Memorandum Ho. 1004 



9 



and hence: 

Ql —— Prawc - — ipcosq) ; . . (70) 

Qrr= Pmax - -j_ (2 cos 4 <p sin ip -{- gi COS (p — ji COS <p ■ 

+ 2 sin 3 9— 2 sin -) (71) 

By substituting various values of 

Tin equations (64), (65), (67), 
68) and (70), (71), there are ob- 
tained the curves for tending mo- 
ment, axial and shear forces 
shown in graph 4. 

As a check for the maximum tend- 
ing moment at the lowest point of 
the ring we use the moment 

curve of figure 2 as an influence 
curve for the sine-shaped load and 
ohtain: 

M,„s ~ - — (2 — COS q> — 2 q> sm 9?) influence Curve 

w ' 4 71 

d M — pmax * cos <p-ds' M 0f > ; 

Jlf =2 f p -"?-— r - (2cost> — cos 2 <p — 2 93sinojcosro) dtp 

t) 4 71 

rt 
~T 

= — Pmax /- 2 - 0,068. 

The value for M u corresponds to 
the value computed from equation 
(64) for qp = tt. 

As a further check, the value of 
/ M ds must become zero, a fact 

which holds for this case as for 
the three previous cases. 

VII. TREATMENT OP THE ABOVE 
LOAD CASES FOR VARIABLE 
MOMENT OF INERTIA OP 
THE RING 

Por f,h.e case considered under 
III, let the moment of inertia 
vary according to figure 11: 

Ji - Jc 

J. » n J,; £s. * i 

Making use of equations (ll), 
(13), and (15), we integrate 
over the ranges 0 to tt/2, tt/2 
to 3tt/2, and 3tt/2 to 2tt, the 
middle range being multiplied by 
1/n: 



M ==0 =[-Z„r( OT -2)— X^7i[+U-X a r{n+V>-X c 7i\- 
ojl 0 

Hence, for variable moment ef 
inertia.: 

X a = 0; X c = 0 

+ JL[_ 2{r . + §,,.„_X„..|] ' 

The following -values are obtained 
for X D : 

L= 1 I I I I J_ 

n T 2 3 4 5 10 

^0 = ■ 1.0 0,758 0,637 0,663 0,515 0,405 

and, therefore, the total moments 
M - 2& (q> - 1) a ia q>)...(- 2tt) 

2TT 

additive for quadrants III and IT 

The corresponding values for T) 

are : 

1 = I l i i i j_ 

n 1 "2 3 4 5 10 

J? = 2,0 1,758 1,637 1,563 1,515 1,405 

The moments are plotted on graph 
5. The check / M ds gives sere. 

Finally, for the case considered 
under IV, the moment of inertia if 
varied, according to figure 12. 

Ji=J C 5 J 2 =n JiJ ^ = T 

J a n 

The integration is between 0 
and tt/2 and between tt/2 and 
tt, the latter range being multi- 
plied by 1/n. Prom equations 
(26) and (28) we then havet 

-*.f]+H-£(i) 
-Mt+'H-fl- 
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Share are obtained the unknowns 
and factors: 

L— III I I — 

n~~ 1 2 3 4 5 10 

X a = — 

— •0,75 0,706 0,675 0;642 0,622 0,555 

31 

Xc = + 

— ■ 0,25 0,207 0,1875 0,1695 0,1613 0,1372 

71 

j) = 0;5 0,505 0,5125 0,5272 0,5393 0,5822 
* = 0,25 0,298 0.325 0,358 0,378 0,445 

and substituting the bending fac- 
tors, the bending moments are: 
Pr 

M = - — (TJ-! cosqp-0.5 q> sin cp) 

The moments are plotted on graph 
6. The check / H ds gives zero. 

Similarly the bending moments 
for variable moments of inertia 
of the circular ring may be com- 
puted for the cases treated un- 
der sections V and 71 by the pro- 
cedure set up. The moments of 
inertia also may be otherwise, 
discontinuously varied without 
too great increase in computa- 
tion. It was not possible within 
the scope of this paper to con- 
sider further cases. 



ment areas into smaller sections 
according to Muller-Breslau and t 
moreover, provides greater ac- 
curacy. 



VIII. SUMMARY 



For circular ring stiffeners 
with constant and variable mo- 
ments of inertia, the bending 
moments and axial and shear forces 
were obtained for the cases of an 
applied moment, a radial force, a 
tangential force, and a sine load 
distribution, taking account of 
the tangential support of the 
ring. In order to be able to 
treat further cases of variable 
moment of inertia that may occur 
in practice, the integral values 
8A/3X are computed. The practi- 
cal application of the results 
presented in this paper gives a 
considerable saving in time and 
labor as compared with the usual 
method of dividing the ring mo- 
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Figure 1.- Circular ring 

stiffener with 
Internal pressure. 



Figure 2.- Introduction 
of the static 

redundant s. 





Figure 3.- Circular ring 

s tiffener with 
variable moment of inertia. 



Figure 4.- Moment M a on 

a tangent ially 
supported circular ring. 





tds 




Figure 5.- Introduction of 

the static re- 
dundant 8. 



Figure 6.- Determination 

of the axial 
and shear forces. 
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Tigs. 7,8,9,10,11,12 





Figure 7.- Badial force F 
on a tangent i- 
ally supported circular ring. 



Figure 8.- Tangential force 
P on a tangent i- 
ally supported circular ring. 





Figure 9.- Application of a sine 
load distribution. 



Figure 10.- Determination of 

the axial and 
shear forces. 




Mil 




Figure 11. 



- Variable moment 
of inertia. 



Figure 12.- Variable moment 
of inertia. 




Graph 1.- Moment If on a tangen- 
tially supported cir- 
t cular ring. 
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Graph 2.- Hadial force P on a 
,H..„>_^ tangent ially suppor- 

ted circular ring. 

Send/ngMotnentM* P-r ; (fosit/ye ey/efno/ 

pressure) 
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, Graph 3.- Tangential force P on 
a tangentially suppor- 
i i- ted circular ring. 
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pressure) 
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Graph 4.- Sine load on a tan- 
gentially supported 
circular ring* 
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■iri; Graph 5.- Moment M d on a ~tangentially supported circular 



ring. 
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